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My3zuka Jlinis

TouHi po3B’sA3kM KPaioBoI 33/1a4i y3arajbHeHOI CHCTEMH
Hlirecagn—KaBacaki—Tepamoro

V¥ crarTi mobyzoBaHO HOBI TOUYHI po3B’sa3KH y3aransHeHo! cuctemu Lllirecann—Kasacaki—Tepamoro. Ha ix ocHOBI
PpO3B’s3aHO KpaioBi 3amadi 3 HyJ-OBHMH ymoBaMH HolimaHa. J[oCHmimkeHO acHMNITOTHYHY IOBENIiHKY 3HAliIEHUX
PO3B’S3KiB KpafOBHUX 3a7a4.

Karwuosi caoBa: cucrema [lirecangn—Kasacaki-Tepamoto, cuctema JloTkn—Bonprepa, TOYHHHA pPO3B’S30K,
y3aranbHeHe piBHsHHA dDinrepa, KpaiioBa 3aja4a, HyJ1b0BI yMoBH HoiimaHa.

INocTanoBka HaykoBoi mpodjemu Ta ii 3HavYeHHs. AOCONIOTHAa OiNBLIICTH SBUIN Ta MPOIECIB,
MIpUTAaMaHHUX KUBIH Ta HEKUBIH MPUPOII, MOACITIOIOTLCS TH(epeHIIaTbHUMA PIBHIHHAMH 13 YACTHHHUMH
noxigaumu (JIPYII) ta cuctemamu Takux piBHAHB. [IpoTe xiracuuni Metoau iHTerpyBaHHS ainitnux JIPUII
Ta iX CHCTEM €, SIK TIPABWIIO, HEMPHUAATHUMHM JUIsl 3acTocyBaHHs A0 Heninitnux JIPUII Ta ix cuctem. Tomy
PO3BUTOK HOBHUX MiAXOIiB 10 po3B’s3anHs HemiHidHUX J[PUIl, ocobmuBo ix cucrem, i moOyI0Ba IIMPOKUX
KJIACiB TOYHHX PO3B’S3KIB TAKHUX PIBHSHB Ta CHCTEM € aKTyaITFHOI TIPOOIEMOI0 Cy9JacHOI MATEMATHIHOI (Di3UKHL.

Opniero 3 Bimomux cucreM JPUII, mo omnucye GiojioriyHMiA MPOLEC B3aeMOJIi JBOX MOMYJIAILIN, €
cuctema lllirecann—Kasacaki—Tepamoro (ILIKT), 3anpornonoBana B 1979 p. Iirecanoto Ta in. [10]:

{ut =[(d1+p1V)U]XX +u(a1—b1u—clv), (1)
V= [(dz + p,U )V]xx +V(3.2 _bzu _sz),

ne ¢ynkuii UTa V — KoHUEHTpauii ABOX MOMYJALiH, IO 3MararoTbCsi B MPOCTOPI Ta Haci, dl Ta d2 -
koediuientu audysii, P, Ta P, — KoeDilieHTH TaK 3BaHOi monepevnoi audysii, d; ta d, — KoedilieHTH
HapOKyBaHOCTI, bl ta C, — KOe]IUIEHTH BHYTPINIHBO-BHIOBHMX 3MaraHb, b2 ta C, — KoediuieHTH

MDKBHJIOBUX 3Maranb. O4eBuaHo, mo cuctema (1) npu p, = p, = O 3BomuThCs 10 KimacuuHOi TUYs3iiiHOT

cuctemu Jlotkn—BomnsTepa (JIB).

AHaJi3 nociaimkenb wiei nmpodaemu. [ounHaroun 3 mioHepcbkux poOiT [4; 8], ymoBH icHyBaHHS,
€THOCTI Ta TI100aJbHOI CTIMKOCTI po3B’si3kiB audy3iiiHOi cuctemu JIB Ta cucremu KT mocnimkysano
6arato aBtopiB (muB. [9; 11] Ta tmroBaHy Tam Jiteparypy). IIpore, HAaCKiJbKH HaM BiJIOMO, € JIHIIE
JIeKiJIbKa CTaTel, y AKUX MO0Y0BaHO TOYHI PO3B’A3KU IUX CUCTEM y siBHOMY BHTIIsii [9, 8].

V wi#t crarTi po3risigaeTbes npupoane y3aranbaeHns cuctemu LIKT surmsay [9]:

U, :[(d1+d11u+d1zv)u]xx +U(a.1—blu—01V), (2)
V= [(dz + d21u + dZZV)V]xx +V(a2 _bzu _sz)’

ac dll Ta d22 - KOC(I)ILI1€HTI/I TaK 3BaHUX BHYTpH.HHLO-I[I/I(i)YSII/IHI/IX THCKIB, d12 Ta d21 KOe(l)lLI1€HTI/I

noniepevHoi mudy3ii, mpuaomMy dlz2 + (:]212 #0.

3ayBayKUMO, IO HIMPOKUH KJIac TOYHUX pO3B’s3KiB cucteM Tuny JIB 3i creneneBumu audysismu (6e3
nonepeynnx) Oyio mobynosaHo B podorax [1; 5], a B B poboTi [5] — TOUHI pO3B’SI3KM CUCTEMHU DPiBHSHB
KT (2) 3 10II0MOr0i0 METOY JT0JATKOBHX MMOPOKYIOUNX yMOB [8].

Mera i 3aBOaHH# CTATTi — OTPUMATH TOYHI KpaHoBoi 3ay1a4i 3 ymoBamu Hoiimana st cucremu LIKT (2).

Buxkiaa ocHOBHOI0 MaTepiaJjy ii OOIPYHTYBaHHSI OTPUMAHUX Pe3yJbTaTiB AOCTizKeHHs. Y HaIl
poboTi i MOOYJIOBH TOYHMX PO3B’SI3KIB CHCTEMH (2) CKOpUCTAEMOCh TakuM MetojaoM [3]. 3ammmiemo
cuctemy (2) B pO3TOpHYyTOMY BUTJIISIAI

u=du +2d.uu, +d,vu, +d,uv +2d,.(u )*+2d,uyv +au—bu®—cuv, 3)
v,=d,yv, +2d,vw +d,uv +d,vu_ +2d,(v ) +2d,uyv +av—buv-cy’
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1 PO3TIITHEMO 11 3 JOJATKOBUM OOMEKCHHSIM

V=Lu+p,, (4)
e IB * O, [))0 — JIesKi iCHI TapamMeTpu.
[lincraBuBmm obmexenHs: (4) B cucremy (3) 1TpOBIBIIM CHPOIIEHHS, OTPUMAEMO:
u, = [d1 + :Bodlz]uxx + 2[d11 + 18912]uuxx + 2[d11 + :Bdlz](ux )2 +
+ [a1 _ﬂﬁocl]u - [b1 +ﬁcl]u )
U, = [dz + ?Odzl + 2ﬂodzz ]uxx + 2[dm + IBdZZ]uuxx + 2[d21 + ﬂdzz](ux )2 + 5)

+[a, —%bz -2B,c,Ju—[bh, + Bc,Ju’ + [%az—’g—ozcz].

p
Cucrema (5) € mepeBU3HaYEHOIO 1 Ma€ HETPUBIATBHI PO3B’SI3KU TIPH TAKUX OOMEXEHHAX Ha KOe(DiIlieHTH:
d,+p,d,=d, +%d21 +24,d,,,
d,+pd,=d, +4d,,
a —f,C =a,- &bz ~28.C,, ©)
b, + fc, =Db, +ﬂé,
Bs. Bo

—a,——¢c, =0.

I

3a Takux yMoB cuctema (3) HaOyBa€ BUTIIATY PiBHSHHS:

ut = [(dl+ﬂ0dl2 +2[dll+ﬁd12]u)ux]x+[al_ﬁocl]u_[bl—i_ﬁcl]uz’ (7)

sIK€ 3BOJUTRCS JI0 y3arajabHeHoro piBHsHHS Pimepa [3]

u, =[(1+4u, ], +Au—-Au’, 8)
AKIIO
d, +p,4d,= 11
d,+pd, = 5/10,

a1_ﬂocl :’12’
b, + fc, = 4,.

(9)

Touni po3s’si3ku piBHAHHA (8) moOymoBani B [3]. Bukopucraemo mi po3B’s3ku sl pO3B’s3aHHS
KpaiioBoi 3ajaui 3 ymoBamu Hoiimana jiist cuctemu KT (2).

I3 mpyroi Ta yerBepToi piBHOCTEH oOOMexeHb (6) mpu b2 # bl,C2 # C; MaeMo:

p=le (10)
C,—-¢C
d22 :d12 < _Cl(dzl_dn)- (11)
bz _bl

OctanHs yMOBa 00MeXeHb (6) TPUBOIUTD A0 IBOX MOXKJIMBHUX BHIIAJKIB!
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1) f,=0, 2)a, — p.c,=0.
1) Skmo :Bo =0, To ymoeu (6) Ta (9) 3anMIIyTHCS y BUIALI:
d, =d, =1,
1
d11+ﬁd12 :d21+:8d22 :Eio’ (12)
a =a, =41,
b, + fc, =b, + pc, = 4,,
ne ,B 3anoBoabHsE (10), a d22 3Haxoaumo 3 (11).
VY Takux MpuIylnieHHsAX piBHAHHSA (7) HaOyBae BUTIISAY:
b, —b b,c, —b,C
u =||1+2(d,+=*—=2d,)uu | +au——+2—21u’ (13)
C,—C « C,—C

Matoun Bke 3Hai/leHI pO3B’sI3KM y3araibHeHoro piBHAHHS @Dimepa [3], 3ammucyeMo poO3B’SI30K
piBasuHs (13) 1, BigmoBiaHo, cuctemu (1):

exp[al + lul tj
U(XI)=-Jiigﬁ:fil—[l+tanh%§}4—C 4 3 exp(iilé;xj,

1

2( blC - b Cl ) P 14
C [coshalt}2 a4
2
v(xi)zbf_thxi)
2 ™
Je
[ = b, —bye, -0, (15)
(Cz —C )d11 - ( bz - b1 )d12
C1 = CONSt , a koedinienty cucremu (2) 3a10BONBHSAIOT CIIiBBiHOIIEHHS!
2, =&,
d,=d, =1,
C,—-C
d22=d12+b b (d21_d11)'
2 1
a, : .
2) Sxmo a, — ,3002 =0, 1o :Bo = C_ (¢, # 0). Toni ymoBu (6) Ta (9) 3aHUIIyThCS Y BUTTISL
2
d+2d, =d +2qd_ +2%4 =1,
C2 ﬂCZ CZ
d11+18d12 :d21+ﬁd22 :;’10’ (16)

a a
%_fclz_az_ﬁiézbz:}?’
b1+ﬁC1:b2+:BC2:’131
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ne ,B 3apoBonbHsE (10), a d ,, 3Haxomumo 3 (11).
VY Takux mpUIymeHHsX piBHAHHA (7) Ha0yBae BUTIAY:

o = [1+27d, + 2P g qulu | + 2B =R BC =BG o gy
C CZ(bZ_bl) C,—C

2 1

Ha ocHoOBI Bxke 3rajiaHux poO3B’s3KiB y3arajibHEHOTrO piBHsHHS ®Dimepa [3], oTpUMy€eEMO pO3B’SI30K
piBasHHESA (17) 1, BimmoBigHO, cucTeMu (2):

1, a,(bc,-b,c,)
((212214_#3 )t}
_ 4 —
u(x,t)= 8,(C, —C,) {1+tanh”2t}+cz (b, b1)3 X
2¢c,(bc, —b,c,) 2 t1z
[cosh'uz}
I 2 (18)
exp| + Y2 x |,
v(x,t)=@u(x,t)+%,
Cz_ 1 C2
e
_abe,-be) b, ~biC, >0, (19)

- CZ(bZ_bl) 3_d11a2(C2_Cl)+(d1_1)C2(b2_bl)

C2 =const, a KoeditieHTn cuctemu (2) 3a10BOJBHSIOTH CIIBBiJHOIICHHS !

_ azbl(cz _Cl)

i CZ(bZ_bl) ’
C
d, =-2(1-d,),
12 az( 1) (20)
d, =2d, _1_Md21+zwdw
CZ(bZ_bl) CZ(bZ_bl)
C cC,—C
d,=-2(1-d, )+2*—(d,, —-d,,).
22 az( 1) bz_bl( 21 11)

ITo6ynoBani po3s’sizku (14) ta (18) cuctemu (2) mal0Th MOKIMBICTH PO3IIISIHYTH KpaioBi 3amadi 3
HyJIEOBUMH yMOBaMy HoliMaHa 11s 1i€i HenmiHIiHOT cucTemMu. MaloTh MicIle TakKi TEOPEMHU.

Teopema 1. Tounuii obmedcenull po3e 30K HeMiHIUHOI Kpallogoi 3a0ayi O Y3a2anibHeHoi cucmemu
Ulirecaou—Kasacaxi—Tepamomo

u = [(1+ d11u + dlZV)u]xx + u(al _blu _Clv)’

Vt = [(1+ du"“I + [d12 + :::)2 _:::)l (d21 _d11 )]V)V]xx +V(a1 —b2U _CZV)

2 1

3a [MOYaTKOBUX YMOB
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u(x0) =2 =8) ¢ gyl -2 . ML
2(b1C2 _bZCl) 2 (Cz —C )d11 _(bz _bl )dlz

W(x0) =222y (),
C,—C

2

i kpaiioBux ymoB Hoiimana

u,(t,2o0)=0, v (t,£0)=0

B o6macti (t,X) € [0,+00) X (—00,+00) mae Burmsz:

U( X,t ) = al(cz_cl)|:1+tanha1tj| + Cl 4gexp(_\/ﬂ71 | X |}’
2 b1C2 _bzcl ) 2 { alti|z 2 (21)
cosh —
2
v(x,t)= b, ~b, u,
C,—C
ne (4, BHU3HayaeTbes 3 (15), C,=const, a, > 0, ﬁ > blCZ _ b2C1 >0, b, —b, >0,
2 (Cz —C )dll_(bz _bl )d12 C,-C
blcz _bzcl >0
C,—C

Po3B’s130k (21) Mae BIACTHBICTB:

u,v) - a1(Cz_C1)’a1(b1_bz) ,t—o0. (22)
blcz - b2C1 blcz - b2C1

MoBoro 6i0JIOTIYHUX TEPMIHIB IIe 03HAYAE, 1[0 3MaraHHsA MK BOMA TOMYJISIISAMHI € «M’IKHM», TOOTO
JIOTTYCKA€E SIK 3aBTOJTHO JIOBTE CIiBICHYBAaHHS BUIB (TUITOBHI peaIbHUH MPUKIIA — apa3uT i HOro HOCii).

Teopema 2. Tounuii obmediceHuil po3e 130K HeAHIUHOI Kpauosol 3a0aui 015 Y3a2albHeHOI cucmemu
Ulirecaou—Kasacaxi—Tepamomo

2 a,b(c,-c,)
=[(d, +d11u+—(1 d,vul, +u(—= ¢.(b. —b) -bu-cyv),
vt:[(2d1—1—a(c g 422G =C)y

c,(b, —b) c,(b, —b) "
+d21u+(;—2(1—d1)+b bl(dm—dll))v)v]xx+v(a2—b2u—czv),

2 M

3a NIOYaTKOBUX YMOB

u(x,O):aZ((Ctj__Ck;))JrC2 exp[—\/zﬂ x|]zuo(x),

v(xO)_ bu(x)+—

1 2 2

1 kpaiioBux ymoB Hoiimana

u (tteo)=0,v (t,20)=0
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B o6macti (t,X) € [0,+00) X (—00,+00) mae Burmsz:

eXp(l(a be,-be, ”J
U(XI)=M 1+ tanh ! +C, 4 CZ(bz_blg) x

2¢,(b, —b,) 2 R

M
(cosh)
Je ? 23)

exp| — —| x| |,

xexpl -~ IJ
V(x,t)=b2_b1u+:2,

az(blcz _bzcl) >0 blcz B bZCl

ne M, Ta L, BusHadarotses i3 (19), C, =const, : >0,
Cz(bz_b1) C,-C
b1 - b2 0. az(blcz — bZCl ) > bch B bzcl )
C,—¢C Cz(bz_bl) 2[d11a2(C2_Cl)+(d1_1)cz(b2_b1)]
Po3B’s130k (22) Ha HECKIHYEHHOCTI TIOBOJAMUTHCS TTO-IHIIOMY:
a,\C, —C,
(uyv)—> ( ) , 1> o, (24)
c,(b, —b, )

MoBoto 010JI0TIYHMX TEPMIHIB II¢ O3HAYae, 10 3MaraHHI MK MOMyJsiisMu aBox Bumie U 1V €
0e3KoMITpOMiCHHM i, BpemTi-pemTt, Bua U (xmkak) 3°inae Bux V (kepTBy).

Haronocumo, mo Teopemu icayBaHHS po3B’s3kiB cucremu LIIKT i3 BmactuBocTsimu (22) Tta (24) Oynu
noBeJieHi B po6oTi [9], mpoTe siBHI TOUHI pO3B’SI3KH B Hill HE 00y 10BaHI.

BucnoBku. Y po0OTi OTpUMaHO TOYHI PO3B’S3KM y3arallbHEHOT CHCTEMH HENiHIMHUX TuQepeHiiaib-
HUX PiBHAHB 13 yacTuHHUMHU noxigHumu [lirecanu—Kasacaki—Tepamoro (2).
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Mysbika Jluaus. Tounble pemenusi kKpaeBoii 3axaumn 00600mennoii cucrembl Hurecagpi—KaBacaku—Tepemorto.
PasBuTHe METOOB MHTETPUPOBAHUS HEMTUHEHHBIX AuddepeHInaIbHBIX YPAaBHCHUH C YACTHBIMU MPOU3BOTHBIMHU M UX
CHUCTEM — aKTyalbHas mpo0ieMa COBPEMEHHON MaTeMaTHICCKON (PU3HUKH.

Cratpsl mMOCBslIICHa HeNWHEHHOW sBomonMoHHON cucteme I[llurecagpi—KaBacaku—TepamMoTo € ToONEpedHOM
muddysueit, koTopas 0000IIaeT knaccuueckyro auddysnonnyro cucremy Jlotku—BombTepa.

B crathe mocTpoeHBI HOBBIE TOYHBIE perreHus 00oOmeHHoH cuctemsl lllurecagpi—KaBacakm—Tepamoro Ha
OCHOBaHHHU TOYHHX PeIIeHHI 0000ImeHHoro ypapaeHus @umepa. M3ydaercs kpaeBas 3agada ¢ HyJICBBIMH YCIOBHSIMH
Hoiimana. [lpuBeneHsl TOuHBIE pelieHMs 3ToM 3amauyu. MccienoBaHO acCUMNTOTHMYECKOE IMOBEIEHHE MONYYEHBIX
peLIeHU.

KiiroueBbie caoBa: cucrema lurecappi—KaBacaku—TepamoTto, cucrema Jlotku—BomnbsTepa, TouHOE pelieHue,
obobmenHoe ypaBHeHne Dumiepa, KpaeBas 3aaada, HyJeBble ycinosust HolimaHa.

Muzyka Liliia. Exact Solutions of Boundary-value Problem of Generalized Shigesada—Kawasaki-Teramoto
System. Development of methods for integrating the nonlinear differential equations and their systems is the actual
problem of modern mathematical physics.

The article is devoted to the non-linear evolution cross—diffusion Shigesada—Kawasaki—Teramoto system, which
generalizes the classical diffusion Lotka—Voltera system.

New exact solutions of the generalized Shigesada—Kawasaki—Teramoto system are built by means of exact
solutions of the Fisher equation in this article. Boundary—value problem with zero Neumann conditions is investigated.
Exact solutions of this problem are given. The asymptotic behaviour of these solutions is examined.

Key words: the Shigesada—Kawasaki—Teramoto system, the Lotka—Volterra system, exact solution, the
generalized Fisher equation, boundary-value problem, zero Neumann conditions.
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VJIK 531.19
bornan AHTOHIOK

JlesiKi BJIaCTHBOCTI reHepaTopa JaHLI0KKa piBHsAHb boro/o0oBa oxHOBUMIpPHOL
CHCTEMH BH/IiJIEHOI YACTKHM B TEPMOCTATI

Y cTaHOBIIEHO BIACTUBOCTI TE€HEPATOpa JIAaHIIKKA PiBHAHL bOoromo6oBa 0THOBUMIPHOT HECUMETPUIHOI CHCTEMH
BHIIJICHOT YaCTKU B TEPMOCTATI.

Kmrouoni ciioBa: BBI'KI iepapxis, HeCUMETpHYHI CHCTEMH YaCTHHOK, CBOJIIOIIMHUII Oreparop, OararoyacTHHKOBA
cucrtema.

IToctaHoBka HaykoBoi nmpoO/jemMu Ta ii 3HadyeHHs. OIHIEIO0 3 aKTyaJIbHUX TeM Cy4YacHOi MaTte-
MaTUYHOI (i3WKH € BUBYCHHS PeaTbHUX MPOIIECiB, IO BiI0YBAIOTHCSA B PI3HOMaHITHUX MaKpOCEPEIOBUIIAX,
a caMe: rasax, piJuHax, OlOJIOTIYHMX OpraHi3Max Pi3HHX CTYINEHIB PO3BUTKY i CKJIaJy, Ha OCHOBI BIIACTHU-
BOCTEH 1 3aKOHIB PyXY MIKpPOYaCTHUHOK, 13 SIKUX BOHHU CKIIQ/IAIOThCSL.

LikaByM € BHBYCHHS HECKIHUCHHUX CHCTEM, TOOTO CUCTEM i3 HECKIHUSHHOIO KiUJIBKICTIO YaCTHHOK [3; 2], y
HECKIHYCHHOMY ()a30BOMY NPOCTOPi, CTaH SKHX IMOBHICTIO BH3HAYAETHCS IMOCIIJOBHICTIO YaCTUHKOBUX
GYHKIIH po3momimy.

3aBoaHHSA CTATUCTUYHOI MEXaHIKW TOJArae B TOMY, LIOO 13 BiZIOMOrO MOYaTKOBOTO CTaHy CHUCTEMH
3HAWTH 11 CTaH y AOBUIBHUI MOMEHT yacy, TOOTO y BH3HA4€HHi €BOJIOLIl cucTeMH. BaXIIMBUM € Takox
MUTAHHS BU3HAYEHHSI CTAI[IOHAPHOTO CTaHy CHUCTEMH — TOOTO CTaHy, Y SKOMY YaCTHHKH IepeOyBarOTh Y
piBHOBa3i [1].

EBoromiss cucTeMH OIMCYETHCS 3 BUKOPUCTAHHSIM MAaTeMaTHYHHX METOMIB PIBHSHHAMHU (PyHKIIT
PO3MOIiTY, Cepell SIKUX BaKJIMBE MICIIC 3aiiMa€e JIaHIIOKOK PiBHSAHL Boroyo0oBa — HECKIHUECHHA CHCTEMa
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