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BEST BILINEAR APPROXIMATIONS OF THE CLASSES S;’ o B
OF PERIODIC FUNCTIONS OF MANY VARIABLES

K. V. Solich UDC 517.5

We obtain exact-order estimates for the best bilinear approximations of the classes SpQGB of periodic

5

functions of many variables in the space Lg4 under certain restrictions on the parameters p, ¢, and 6.

Introduction

This paper is devoted to the investigation of the best bilinear approximations of periodic functions of many
variables in the space L, under certain restrictions on the parameters p, ¢, and 6. The paper consists of the
introduction and two sections. In the introduction, we give necessary notation and the definitions of classes under
investigation. Section 1 is auxiliary. In particular, we formulate and prove there a theorem on estimates for the
best M -term trigonometric approximations. The obtained results are used in Sec. 2 for finding upper bounds for
the best bilinear approximations of functions of 2d variables of the form f(x — y), x,y € my, generated by
functions f(x) € SPS’ZOB.

We now give necessary notation and definitions.

Let R4, d > 1, be the d-dimensional Euclidean space with elements x = (x1,...,xz) and let Ly(my),
d
Ty = 1_[ . [—m; ], be the space of functions f(x) = f(x1,...,x4) 2m-periodic in each variable and
]=

summable to the power p, 1 < p < oo (essentially bounded for p = 00). The norm in this space is defined as
follows:

1/p

11l = | @m) / ) 1Pdx | . 1< p<ool

[.f lloo = ess sup | f(x)].
XEmy

Denote a subset of functions f € L,(my) that satisfy the condition
b

[ ey =0, j=1a
-7

by Ly(mq).
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We now define spaces SISOB C Lp(mg) whose properties are determined by a majorant function €2(z),

t =(t1,...,t7) € R‘i, for the mixed modulus of continuity of order / (/ € N) of a function f € L,(my) and
numerical parameters p and 6, 1 < p,6 < co.
Thus, for an arbitrary function f € L,(mg), we consider its mixed modulus of continuity of order /, namely

Q(fit)y = sup AL FOIp,

|hyl<t;
j=14d

where
AL f(x) = A} AL f) = AL (L (A, f)). b= (b k),

is the mixed /th difference with step /; with respect to the variable x;, j = 1,d, and

1
Aﬁljf(x) = Z(—l)l_”Cl”f(xl, ce Xjo1,Xj Fnhj Xj1, . Xg).

n=o
Let Q(¢) = Q(t1,...,t7) be a given function of the type of a mixed modulus of continuity of order / that
satisfies the following conditions:
L d
I Q@)>0,1>0 j=1d, Q¢)=0 and []1; =0.
Jj=1

2. £(t) is continuous on Ri.

3. (t) does not decrease in each variable t; > 0, j = W for any fixed values of the other variables t;,

i # .
d ! L
4. Q(mity,...,mgty) < C Hmj Q(t), where m; € N, j = 1,d, and C > 0 is a certain
j=1
constant.

Denote the set of these functions by W¥; 4. For d = 1, we write W;. Note that if f € L,(mg), then

Qi(f.) eVigq.
We impose additional conditions on the functions £ € W; ;. We describe these conditions by using the
following two concepts introduced by Bernshtein in [1]:

(a) a nonnegative function ¢(t), t € [0;00), almost increases if there exists a constant C; > 0 such that
o(11) < C1p(12) forany 77 and 7o, 0 < 11 < 13;

(b) a positive function ¢(t), t € (0;00), almost decreases if there exists a constant C, > 0 such that
o(11) = Crp(1p) forany 71 and 72, 0 < 11 < 13.

Assume that d =1 and Q2 € \Ill(l’z), i.e., for Q(¢), t > 0, atleast conditions 1 and 2 are satisfied.
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‘We write

Q
() QeS% a0, if the function ———
T

almost increases for 7 > 0;

(i) Q € §; if there exists y, 0 <y < I, such that the function almost decreases for t > 0.

(24

The conditions for the function € to belong to the sets S% and §; are often called the Bari-Stechkin
conditions [2].
In the case where d > 1, we assume for a function Q2 € ‘Ifl(lj) that Q € S% (respectively, 2 € S;, [ € N),

a=(ar,...,0q), aj >0, j = I,_d, if Q(#1,...,14), regarded as a function of #;, j = I,_d, belongs to the
set S (respectively, S;) for any values of the other variables #;, i # j,.
We also set @gl =Y, NS*NS;.

Thus,let 1 < p,0 <oco and Q € (DZI' Then

SpeB =1/ € Lp(a):|/sg, 5 < oo},

where the seminorm | f| S2,B is defined by the relation
p.

f(szl(f,r)p)"ﬁﬁ R
p Q(1) j=11j T ’

d

flsg, 8 = . M
, 1
sup M, 0 = 0.
>0 S2(t)
We define the norm in the space S;ZOB as follows:
1fllse, 5 = Ifllp +1fls2, 5. 1=p.0 =00

The definition of the spaces S;?G B presented above is taken (with slight modification) from [3]. For 6 = oo
the spaces S;ZQB (denoted by SI§2 H) were introduced in [4].
The scale of spaces SIEZOB is a natural generalization of the scale of Nikol’skii—-Besov spaces B; gr T =

(ri,....rq), rj >0, j =1,d (see, e.g., [5]), and SQ B = B”e for Q(t) = Hj_ltjrj, rp <l, j =1,d
(note that, for 8 = oo, B’ .0 Are the Nikol’skii spaces H ™ [6]).

In what follows, we use order relations. The notation A B means a two-sided inequality between expres-
sions A and B, ie., C3B < A < (4B, where C3,C4 > 0 are constants whose values may be different in
different relations. If 4 < CsB, C5 > 0, and A > C¢B, Cg > 0, then we write 4 < B and A > B,
respectively. The dependence of these constants on the corresponding parameters follows from the context. We do
not focus our attention on this in using the symbols =<, <, and > .

We now formulate several known statements related to an equivalent representation of the norm || f'|| S, B of

f e S gB, 1 < p,0 <00, Q€ CD ;» and necessary for the proof of our results. These representations are
given 1n terms of the defined order of growth of the p-norms of certain trigonometric polynomials constructed on
the basis of the expansion of a function f € L,(my) in the Fourier series in a trigonometric system.
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Thus, assume that f € L,(z),

Ss(fx)= > fRE®D, (kox)=kixi +...+kqxa,

kep(s)
where
7 = oy [ e O
d
are the Fourier coefficients of the function f, and, for every vector s = (s1,...,54), 5 €N, j = 1.d,

p(s) =k = (k1,... . kg) € Z%: 257V < |k;| < 2%, j=1,d }.

It was established in [3] that, for 1 < p <00, 1 <60 <00, Q € CDzl, and f € SI?QB N Ly(yq), one has

1/6
(ZQ(Z_S)_9||5s(ﬁ )II§> , 1 <0 <o0,

2

1/ 152, =<

165 (/. ) lp
BryZ T 6 = oo,
sgp Q) 00
where Q(27°%) = Q(27%1,...,27%), s; e N, j = 1.d.
One can see that this representation of the norm does not include the cases p = 1 and p = oo. A certain
modification of the right-hand side of (2) enables one to establish an analogous representation that includes these
cases.

Let
n 2n—1 m—k
V. (1) =
W) =142 Zcosk[+2 Z ( " )coskt
k=1 k=n+1
be the de la Vallée-Poussin kernel of order 2n and let, at a point x = (x1,...,Xg),
d —
As(x) = [[Vss (xj) = Vysy=1(xj)). s =(s1.....54). s; €N, j=1.4d. (3)

j=1
If feLy(mg), 1 <p=<oo, then we set
As(f.x) = f * As.

It was established in [7] that, for 1 < p <00, 1 <60 <00, Q € @4 . and f e SIEZGB N L;(nd), one has

a,l’

1/6
1fllss, 5 = (29(2_5)_9||As(ﬁ ')ll;‘}) , 16 <oo0. 4)
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For 6 = oo, the following relation is true [4]:

[As(f. )]
||f||S1S)2,ooB = Sle W—s)p' )

In what follows, we use the spaces SI?QB in the case where the function €2 has the special form

d
Q) =o|[[t]. eec®y,. a>o0 (6)

a,l’
Jj=1

Thus, w(-) is an arbitrary function (of one variable) of the type of a modulus of continuity of order / and
ONS @é ;- According to the previous definitions, it is clear that

1 d
w € (Da,l == Q € (Doz,l’ a=(a,...,q).
d
Note that the set @é /> [ € N, contains, e.g., the function

ur

. 5 u >0,
_ log™ —
o) = ( g u)

0, u=20,

where log™ r = max{l,logt}, 0 <r <[, B eR.
In what follows, we use the same notation for the unit ball in the space SI?GB N L; (mg) as for the space

SS B itself, ie.,
2
SpoB = 1{f €SB N Lyma): | flse, 5 =1}
pO” .0 p\td)- 1) 1Is, B = 13-
1. Aucxiliary Statements
We present several auxiliary statements that are used in the proof of the main results. First, we establish

exact-order estimates for the best M -term trigonometric approximations of functions from the classes SO% 0B
For f € Ly(mg), 1 <q < oo, we set

M
em(f)g = inf | f0) =D e ™ (7)
, ¢ .
J ]—1 q
where {k/ }jM=1 is a system of vectors k/ = (kj e ,ké) with integer-valued coordinates and c¢; are arbitrary

complex numbers. Quantity (7) is called the best M -term trigonometric approximation of the function f in the
space Ly. If F C Ly(mg) is a certain functional class, then we denote

em(F)g := sup ey (f)g- (3
feF
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For a function of one variable, the quantity eps(f)> was introduced by Stechkin in [8] in the formulation of
a criterion for the absolute convergence of trigonometric series. Later, the quantities eps(f)g and ep (F), were
investigated from the viewpoint of approximation. In particular, the behavior of quantity (8) for some classes of
functions of many variables was studied in [9, 10] (see also the references therein). Also note that the behavior
of the quantities of the best M -term approximation of the classes SIEZ’GB considered in the present paper was
investigated in [11-13].

For f € Ly(mg), 1 < ¢ < oo, we introduce the quantity

M .
e]J\_/I(f)q = II?f f()— Z f(kj)ei(k'/")

—
J q

which is called the best M -term orthogonal trigonometric approximation of the function f in the space L . If
F C Lgy(mg) is a certain functional class, then we set

eif(F)g = sup eir(fg- 9)

According to the definition, quantities (8) and (9) satisfy the relation
em(F)g < e3g(F)g. (10)

Theorem A (Littlewood—Paley theorem; see, e.g., [6, p. 65]). Let 1 < p < oo be given. Then there exist
positive numbers C7 and Cg such that, for every function f € Ly(mg), the following relations are true:

1/2
Crllfllp < {Zl&(f;')lz: < Gsl| f . (11)

p

Using inequalities (11), one can easily obtain the following relation (see, e.g., [14, p. 17]):

1/po
17l < {Z ||5s(f;-)||£°} , (12)

where po = min{2; p}.
The following statement is true:
Theorem 1. Suppose that 1 < g <00, 1 <60 < o0, and
d
Q) =w 1_[ 51,
j=1
where

1 .
a)eCDa’l, o > max 0,5—5 .
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Then, for any sequence M = (My)52, of natural numbers such that M =< 2npd—1, the following order equality
is true:

em(SE gB)g = €3y (S5 gB)g = w(2™)n(@=D/271/8), (13)
Proof. For the determination of the upper bound for ey (SO% ¢B)g we use inequality (10), the imbedding

SO%’GB C S[‘E?GB, 1 < p < o0, and the upper bound for e]{-,[(SIffoB)q, 1 <g<p<oo, p>2, established
in [15]. As a result, we get

em(SE gB)g < 31 (SL gB)g < €1(S5igB)g K w2 n@—DU2=1/6),
In [12], the following order relation was established:
eM(SO%’QB)q > a)(2_”)n(d—1)(1/2_1/9), l<g<2 1<6<c0, Mx pd—1
Using the monotonicity of the norm || - ||; with respect to the parameter 2 < g < co, we get
em(SE gB)g = em(SE gB)2 > (2~ Mn @~ DA2VE - pp < onpd=l
The theorem is proved.
Remark 1. Theorem 1 complements the estimates obtained in [12, 13].

2. Best Bilinear Approximations

We define the quantity that is investigated in this section.
Let Ly(m24), ¢ = (q1,4q2), be the set of functions f(x,y), x,y € mgz, with the finite mixed norm

LW g = 17D a0

where the norm is calculated first in the space Ly, (rz) with respect to the variable x € m; and then in the space
Ly, (mg) with respect to the variable y € mz. For f € Ly(mp4), we define the best bilinear approximation of
order M as follows:

M
nf ) =D ui(x)v(y) :

™ (g = 1
e @) —
7= q1,92
where uj € Ly, (mz) and vj € Lg,(7g).
If F C Ly(mpq) is aclass of functions, then we set
™ (F)gi,q> = sup i (f)qi,40- (14)

feF

The aim of this section is to establish exact-order estimates for the quantity



BEST BILINEAR APPROXIMATIONS OF THE CLASSES S;’o B OF PERIODIC FUNCTIONS OF MANY VARIABLES 947

Q
rM(Sp,GB)QIsqz = Sué) ™ ()g1.92-
feSp‘BB

where the bilinear approximations a7 (f)g,,4, are considered for functions of the form f(x —y), x,y € ng.
Note that the classic result for bilinear approximations belongs to Schmidt [17]. In [9, p. 10], Temlyakov
formulated this result in a form more general than in [17].

Lemma A. Suppose that |[K(x,y)|2,2 < oo, K is the integral operator with kernel K(x,y), K* is the
operator adjoint to K, and Aj is the nonincreasing sequence of eigenvalues of the operator K*K. Then

1/2

inf
u; (x),v; (y)

:ZAJ

2,2 J=M+1

M
K(x,y)— Z u;i (x)vi(y)

i=1

Quantity (14) with the classes er,,a and Hp’ taken as F' was investigated by Temlyakov in [9, 18-20] (see
also the references therein). The bilinear approximations of the Besov classes B ; g Were studied by A. Romanyuk
and V. Romanyuk in [16] and A. Romanyuk in [21].

We shall comment the obtained results by comparing them with estimates for the Kolmogorov widths.

Recall that the M -dimensional Kolmogorov width of a centrally symmetric set ® of a Banach space X is

defined as follows:

dy (9, X) := icnf sup inf | f —u| ., (15)

M fECD uely

where L is an arbitrary subspace of X of dimension M.

Let F be a certain class of functions and let f(x) be a fixed function from F. By Fy we denote the set
that consists of functions of the form f(x — y) obtained from f(x) by the displacement of its argument x by an
arbitrary vector y € ;. Then the following equality is true (see, e.g., [9, p. 85]):

;i (f(x — Y)q1,00 = dM(Ff, Lgy). (16)

Thus, if the functional class F' is invariant under the displacement of the argument of a function f € F, then, ac-
cording to (16), the values of 7p7 (f(x — ¥))q,,00 can be lower bounds for the Kolmogorov widths dps (Fy, Ly, ).
The following statement is true:

Theorem 2. Suppose that 2 < q; < o0, 1 <¢gs,0 < o0, and

d
ey =o|[]y].
Jj=1
where
1 1 1
weq)a,lv o > max{0, — — =

Then, for any sequence M = (My)52, of natural numbers such that M = 2npd—1, the following order equality
is true:

T (S 9 B)gy.qp = @2 Mn @~ DA271/6), (17)
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Proof. The upper bounds in (17) can easily be obtained by using Theorem 1.
On the one hand, according to the estimate

em (52 gB)g, = 0@ Mn@DA2710) -y o onpd

for an arbitrary function f from the class SO%GB one can find a set of vectors k!,... kM, k/ = (kj,...,ké),
k7 €74, j =1, M, and numbers cy,...,cp such that
M .
f(x) _ Z Cjei(kj ,x) << a)(2—n)n(d—1)(1/2—1/9). (18)
j=1
q1

On the other hand, the left-hand side of (18) can be represented in the form

M M
F@) =3 el @I =l fr—y) =Y el @)
7=l a1 7=l q1,00
M . . . .
= f(x — y) — Z Cjel(k'] ,x)e—l(k-’ ,)) . (19)
=1 41,00
Using (18) and (19), we obtain
M . . . .
flx—y)— Z cjel K :X) =i (k’.y) <L w(2Mn@=D1/2-1/9) (20)
J=1 41,00
Setting Cjei(kj’x) = u;(x) and emiky) = vj(y) in (20), we establish the required upper bound for

™ (So% 0B)q1.00 and, hence, for tp (So% 0B)ar.az-
Let us obtain the lower bound in (17).
Let M be an arbitrary natural number. We choose n € N so that the number of elements of the set

0= |J »)

Islli=n
satisfies the inequality |Q,| > 4M. Also note that |Q,| =< 2"n?~1.
Consider the functions
d
fi(x) = Cow(2™™)272n=@=DI8 N TT R (xj), Co>0, 16 < o0,
lslli=nj=1

and

d
fo(x) = Croo@ ™22 3" [] Ry (xj). Ci0>0. 6 =00,

Islli=nj=1
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where

2% —1
Rg,(xj)= Y ee™ g==%x1. j=14d,
1=2% "1

are the Rudin—Shapiro polynomials, which, as is known, satisfy the order inequality | Rs; [|oo <K 2°%/ /2 (see, e.g.,
[22, p. 155]).
We set

d
Fa(x)= Y J]Rsp).
Islli=nj=1

Let us show that, for a certain value of the constant Cy, the function f; belongs to the class So% eB,

1 <60 < 00, and the function f, with a certain constant Cj¢ belongs to the class So%’ooB. To this end, we
first determine the norm of the function F, in the corresponding spaces. For 1 < 6 < co, we have

1/0
| Falls2 5 = (Zw_e(Z_”S"‘)HAS(Fn,x)||go)
s

o\ 1/0
=Y oWy« D Se(Fux)
s ls—s'lloo<1 o
0\ 1/0
<[ Yo @Bl | D Se(Fax)
s ls—s'lloo=<1 o

Taking into account that ||As|;1 < 6 (see, e.g., [14, p.35]), we continue the estimate as follows:

o\ 1/6

IFallse 5 < |2 o™?@BI) | 3™ Su(Fax)
N

ls—s'lloo<1 -

o\ 1/6

A

Zw—Q(Z—“S“l) Z ||8s’(Fn’x)||°°

lls—s"lloo=<1

o\ 1/6

d
_ Za)—e(z—llsnl) Z 1_[ st’. (x;)

ls=s'loo=1 |7=1 oo
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If 6 = oo, then

o\ 1/6
lls”1l
<[ X ofelthf > 2=
sl =n+d ls—s'loo<1
1/6
o lsli &
< Z o %0 ||S||1)2 5
Islh <n-+d
6 (2l e
—0 (>—lls
- ¥ @ (27 I8 apsil
220751
Islly<n-+d
1/6

w1 (2—(n+d))

< 2a(n+d)

Z o lisli6(1/2+a)
Islli<n+d

w1 (2—(n+d))
= 2a(n+d)

IFallsg g < @' @272,

2(n+d)(l/2+a)(n + d)(d—l)/e = w—l(z—n)zn/zn(d—l)/O.

K. V. SoLicH

This implies that, for certain values of the constants Co and Cjg, the functions f; and f, belong to the classes
SO%’GB, 1 <6 < oo, and So%,ooB, respectively.
We need the following auxiliary statement:

Lemma B [9, p.98]. Letanumber M be given and let a number n € N be such that the number of elements

of the set

On = U p(s)

Islli=n

satisfies the condition |Qy| > 4M . Then, for an arbitrary function

g =) gk)e'

keQn

such that |g(k)| = 1, the following relation is true:

M
inf xX—=y)— ui(x) U > M2
u; (%), v; () §x =) ]; () vi(y)
B 2,1

Since the function F;, satisfies the conditions of Lemma B, for 737 (f1(x — ¥))2,1 we get
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wr (f1(x = )2 > 0@)27 2@V g (Fy(x = y))2a
> Ml/zw(z—n)z—n/Zn—(d—l)/O = a)(2_n)n(d_1)(1/2_1/9).
By analogy, for the function f, we obtain
i (f2(x — ¥))2,1 > 02Mn @02,

The lower bound and the theorem are proved.

Remark 2. 1f w(u) =u", ie.,

d
Qo) =[]1.
j=1

then, under certain restrictions on the parameter r, Theorems 1 and 2 yield the corresponding results for the classes
B’ ,, which were established in [16].

Remark 3. Comparing Theorem 2 with the estimate for the Kolmogorov width dps (SOSE> g B, Lgq,) established
in [23], we obtain the order equalities

T (S5 9B)gr.00 = A (S gB. Lgy)
for 2 <6 < oo and
T (S5 5 B)gr.00 = dur (SS9 B. Lg,)(log? ™! M)1/271/6)
for 1 <6 <2.
Theorem 3. Supposethat 1 < p <2 <gqy <00, 1 <¢p,0 < o0, and

d

ey =o|]]y|.

J=1

where

| 1 1
wed, ,, a>—, I >]—].
’ p p

Then, for any sequence M = (My)52, of natural numbers such that M =< 2"n?=1 the following order equality
is true:

TM(SpsfeB)ql,qz = w(z—n)zn(l/p—l/z)n(d—l)(1/2—1/0). (21)
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Proof. As in the previous theorem, we establish the upper bounds by using the estimates for eps (SI?OB )
obtained in [12, 13].

1 1
Further, we show that, for 1 < p <2, a > — — > and 1 < 6 < 0o, one has the order inequality
p

T (59 B)2.1 3> (272" /P12 @=DAR=10) -y < gnpd =T, (22)

which yields the lower bound in (21).
Consider the case p = 1. For a given M, we choose a natural number n so that the number of elements of
the set

Q.= |J rs

lislli=n
satisfies the relations |Q,| > 2M and |Q,| < M.

Consider the functions

gi(x) = Crn= @700 Nl YLD 0 >0, 16 <o,
n<|s|li<n+d kept(s)

and

g2(x) = Cr2 Z w2l Z e C1 >0, 0= o0,
n<|slli<n+d kept(s)

where pt(s) = {k:k = (k1. kg), 297V <k <29, ] =1,_d}.
For the properly chosen constants C;; and Cj3, the function g; belongs to the class SIQGB, 1 <6 < oo,
and the function g, belongs to the class S EOOB. Indeed,

1/6
—0 A— 0
lg1llse, 5 = Yoo el A(gr. 01
n<|slli<n+d
1/0
« n@-n/e Z w—9(2—IISI|1)w9(2—IISII1)
n<l|slli<n+d
1/6
— ,—d-1)/6 Yo — p~@d=1/6,d-1)/6 _ |
n<|sll<n+d
As(g2, )11 w25l

n<lslh<n+d @7l n<llsl <nt+d @27 sl)
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Using the function g as a kernel (here, for convenience, g is understood as g; for 1 < 6 < oo and g, for
0 = o00), we consider the following integral operator G: L, —> L

(Gf)(x) = (2m) ™ /g(x = f(y)dy.

Td

Let G* be the operator adjoint to G and let A; be the eigenvalues of the operator G*G arranged in the
. . . . . d-1
nonascending order. Since the eigenvalues A; coincide with the numbers bn—>% 0227l b > 0 (re-

spectively, bw2(271511) for & = 00), by virtue of Lemma A we get

M
inf g =) - > ui()vi(y)lla.2

u;i (x),v; (¥ i=1

1/2 1/2
2(d—1) _
S(Zoa] o[ £ e
J=M+1 lslli=n+1
1/2
> p@d-1/8 Z w2(2—||S||1) Z 1
Islli=n+1 kept(s)
1/2

<@ [ 3 2o lslplsh

llsll1=n+1
sl 12
2m—|sll1

_—d-1)/8 0”7 a-20)si
=n > bl 2

slli=n+1

1/2
—d-1)/6927") (1—20)|Is]
> n 2—an Z 2 1
lslli=n+1

> n—(d—l)/@w(z_n)z(l—Za)n/zn(d—l)/Z

2_an
— a)(z—n)n(d—l)(1/2—1/6)2n/2. (23)

By analogy, for & = oo we obtain

M
g20x—y) = Y wivi(y)| > 0@ ™2 2n@D2,

i=1

inf
u; (x),v; (¥)

2,2
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Further, let certain systems of functions {u; (x)}j”i | € La(mg) and {v; (y)}jM: | € L1(rg) be given. Without

loss of generality, we can assume that the functions v;(y), j = 1, M, are continuous. Let ug(x,y) denote the

orthogonal projection of the function g(x — y), for fixed y, to the subspace U = £({u; (x)}j]"l= ;) (the linear
span of the functions u;(x), j =1, M). We set
r(xvy) = g(x _y) _ug(X,Y)-
Since the function ug(x, y) has the form
M
ug(x,y) = Q uj(x)g;(y). 24
j=1
for an arbitrary y € w; we obtain
M
gt=y) = uiOvi»M| = lre.yla. (25)
— ,
IrCo 2 = llg¢ = »)2. (26)
The function r(x, y) satisfies the inequality
IrGes 12,2 < I W21 17 (6, 2)l12,00- 27
On the one hand, taking (24) into account, by analogy with (23) we get
IrGe 2z = 180 = y) —ug(x. y) 22 > 0272 20 @027, (28)
On the other hand, we can estimate [|7(x, y)||2,00 from above. It follows from (26) that
I (. 9)l2,00 = llE]l2- (29)

Let us estimate ||g|[2. Setting ¢ = g1, we obtain

lgilla = [Con=@ D0 3™ Iy 37 ik
n<|sli<n+d kept(s) )

<@ S sl 5 it

n=|slli<n+d kept(s) 5

1/2

< p—d-1)/8 Z w22 sl Z 1

\anISIllanrd kept(s)
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1/2
= p—d=1/6 Z w2(2—||S||1)2||S||1

n<|sli<n+d

1/2
2 —
_ ,—d-1)/6 ¢ (2 |:'S|:“)2(1—2a)||s||1
—2a|s
n<|s|i<n+d Z l
1/2
2-}’!
xn_(d_l)/owz(—an) Y p0-zalsh
n=lsli<n+d
1/2
r—n n+d
2”_(d_1)/9w2(_an) Sy a0-2elslh
j=n lslh=ij
1/2
—(d-1)/8% 27 " (1—2a)j :d—1
=n san | 22207
j=n

= =@=/02E") s(120)m/2, (@12 _ (222 @=1(1/2-1/6).
2_an

Setting g = g2, we get
lgala = |Cra Yo w@ Py 37 OV < w2 2D,
n<|s|li<n+d kept(s) 5
Using the estimates for ||g1]2 and ||g2]|2> and inequality (29), for an arbitrary 1 < 6§ < co we obtain
I ) l2.00 < l18ll2 = @(27)2"/ 2 @=DAZTO), (30)

Relations (27)—(30) yield
||7’(X,y)||2,1 > w(z—n)zn/Zn(d—l)(l/2—1/0).

Using inequality (25), we now obtain the required estimate for p = 1.
Consider the case 1 < p < 2. Fora given M, we choose n € N so that the number of elements of the set

On = U p(s)

lIslli=n
satisfies the relations |Q,| > 4M and |Q,| < M. Consider the functions

f3(x) = Craw(@ ™27 1A=y =d=D/0g, (x) 1< < o,
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and
fa(x) = Craw(27)27"0=1P g (x), 6 = oo,

where

dn(x) = ) &'V

keQn
and Cy3 and Cy4 are positive constants.
Since
2%/ —1 _ L
Z elijj = 2sj<(1—1/p), ] — l,d,
_As;—1
kj=2%7 »
we have
d 2% —1 d
185(dn. )|, = Z plkex) || l_[ Z ekixi | = 1_[ 28 (1=1/p) _ 5lslli(1-1/p)
kep(s) p  J=lk=25"1 p J=1
According to (2), for 1 < 0 < oo we get
1/6

I fllse, = [ D2 @@ FIIs(f 0

Islli=n

1/6
xa)(z_")z_”(l_l/p)n_(d_l)/9 Z w_9(2_||5”1)||8s(dn,x)llz
Isli=n
1/60
= @2 AP =@D0 L =007y ST 8 (dw. )
Islli=n
1/0
~ o—n(1-1/p),—(d—1)/6 Z 20lslhi(1—1/p)
sl =n
1/0
~ p—n(1=1/p)yn(1-1/p), —(d-1)/6 Z 1 < 1.
lIsli=n

For 6 = oo, we have



BEST BILINEAR APPROXIMATIONS OF THE CLASSES S;’o B OF PERIODIC FUNCTIONS OF MANY VARIABLES 957

||8s(f»x)||pv (z—n)z—n(l—l/p) sup |85 (dn, x)lp

||f4||,5:Q g= Sup ————— X o —
p.00 sl =n 61)(2 ||S||1) sl =n 6()(2 ||s||1)

sl (1—1/p)
= 61)(2 n)2—n(1 1/p) sup 2P i
”S"]_n a)(2 ”S”l)

= w(2—n)2—n(1—1/p)w—l(2—n)2n(1—1/p) =1

Thus, the functions f3 and f4 belong to the classes S 9B, 1 =0 <oo, and S, &2 -0 B, respectively, for
certain values of the constants Cj3, Ci4 > 0. Since the functlon d, satisfies the COIldlthIlS of Lemma B, for the
functions f3 and f; we get

t(F3)21 > 0272711/ P)y—d=1D/0 yr1/2

= w(27)2 (A1 P)y—(d=1)/07n/2) (d—1)/2

= (2 "2/ P=1/2), (@d=D(1/2-1/0)

TM(f4)21 > a)(z—n)z—n(l—l/p)Ml/Z = a)(z—n)zn(l/p—l/z)n(d—l)/2.

The lower bound and the theorem are proved.

Remark 4. Comparing Theorem 3 with the estimate for the Kolmogorov width dps (Slfze B, L4,) obtained in
[3], we conclude that the following order equalities are true:

(S5 B)q1.00 < dm(SylgB. L)
for 2 < 0 < o0 and
i (SygB)ai.c0 = du (SygB. Lg,)(log? ! M)(1/271/0)
for 1 <6 <2.
Theorem 4. Suppose that 2 < p < g1 <00, 1 <¢»,0 < o0, and
d
Q) =w 1_[ L,
j=1

where

1

w € Cba’l,

o> —.
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Then, for any sequence M = (My)S2, of natural numbers such that M = 2"n9=1 ] the following estimate is

true:
TM(SI?,QB)‘IIJD = w(2_”)n(d—1)(1/2—1/9).

Proof. As in the previous theorems, we obtain the upper bound by using the estimate for eps (SI?,OB)P’
2 < p < g1 < oo, established in [13].

We now pass to the determination of the lower bounds. For a given M, we choose n so that M = npd-1
and 2"n9"1 > 4M.

Consider the functions

d
f5(x) = Crsw@ )27 2n=@=D/6 N TR (xj). Cis>0, 16 <o,

Islli=nj=1

and
d
fo(x) = Creo 2272 3" [] Ry (xj)). Ci6>0. 6 =00,
Islly=nj=1
where
R, (xj)= Y &e™, g==%1, j=1d,
1=2%"1

are the Rudin—Shapiro polynomials, for which, as indicated above, one has || R;; [|oo < 2% /2,
Let us show that, for a certain choice of the positive constants C15 and Cj¢, these functions belong to the
classes S;ZOB, 1 <6 <o0, and SlffooB, respectively. Since

d
8s(f5.x) = Crsw(2)27" 20~ @=D/I6 TT Ry, (x)),
ji=1

d
85 (fo.x) = C1e0(27™)27"2 T Ry; (x)).
j=1

for 1 <6 < oo we get

1/6
”fSHS;?.eB = (Z a)—9(2_|ISI|1)||5S(f5’x)”g)

o\ 176
d
><a)(2_")2_”/2n_(d_1)/9 Z a)_e(Z_”S"l) 1_[ Rs; (x;)

= =1
Islh=n J »
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1/6
llsliy -6

L @M 2pm @D N )0l TR

lslli=n

1/6
= w(z—n)z—n/zn—(d—l)/Gw—l(2—||s||1)2n/2 Z 1

Isliy=n

<« n~@=D/0,@=1/6 —

For 6 = oo, we obtain

d
“ 1_[ Rs~(xj)
j=1 "
||f6||SIS)200B ~ su ||8S(f67x)||P = (1)(2_”)2_”/2 up P

P~ i~ —
s o2 ||S"l) sl =n (2 IISI|1)

H Hj:l Rs; (x5)

sy
2

© & w(2™)27? sup

<w@ ™22 gup

Ishi=n @271l sl o @(2715T)

Taking into account that the function

d
vx) = Y J]Ryx)

lslli=nj=1
satisfies the conditions of Lemma B, we get

e (f5)21 > MYV2@@27)272p=@=0/0 — (277 (d=D/2-1/6)

w (fe)z1 > MY 2027272 < w2 ")n'd=D/2,

The theorem is proved.

959

Remark 5. Comparing the estimate for the Kolmogorov width djs (SlffOB, Lg,) obtained in [3] with Theo-

rem 4, we conclude that the following relations are true:
(S5 B)g1.00 < dm(SylgB. Lg,)

for 2 <6 < oo and
(S B)gy.00 = da (S5 B, Lg,)(log? ™1 M)1/271/0)

for 1 <6 <2.
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Theorem 5. Suppose that 2 <q; < p <00, 1 <¢g2,0 < o0, and

d

1 1
Q) = 5. ed o> 0;— ——=¢.
) =w ]1:[1] 1) wl O max{ 7 2}

Then, for any sequence M = (My)72_, of natural numbers such that M = 2"n9=1 ] the following order inequal-
ity is true:
T (529 B)gy.qr = 0(27Mn @~ DU271/0),
Proof. The upper bound follows from the estimate for eAJ;I (S;?OB)q, 1 <g1 <p<oo, p=>2, obtained
in [15]. The lower bound is established in the same way as in Theorem 4.

Remark 6. Comparing the estimate for the Kolmogorov width djs (SI?GB, Lg4,) obtained in [24] with The-
orem 5, we conclude that

(S5 B)g1.00 < dm(SylgB. L)
for 6 > 2 and
T (S529B)g1.00 < dr (S§tg B. Lgy)(log? =1 M)(1/2=1/9)
for 1 <6 < 2.

Remark 7. 1f

d
Qo) =[]4.
j=1

then, under certain restrictions on the parameter r, Theorems 3-5 yield the known results for the classes B ; 0
established in [21].
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